Introduction.
A number ß£GF(pn), ß^O, is a primitive root of the field if k =pn -1 is the smallest positive integer such that ßk = 1 ; the number of primitive roots is <j>(pn -i), where 4>(m) is the Euler function. Ore [6] has introduced an analogous concept in the following manner. For each yÇzGF(pn) there exists a "linear" polynomial m (1. 1) a(x) = X arxpr («r G GF{p), am y¿ 0)
with minimum m such that a(y) =0; 7 is said to belong to a(x). In particular if a(x) =xp" -x, Ore calls 7 a primitive root. It is easy to see that the two varieties of primitive roots are not identical; for example in the GF{21) defind by 04+0+l, 0 is a primitive root in the original sense but not in Ore's sense (since it belongs tox*-\-xi-\-x2-\-x).
On the other hand it can be verified that 83 is primitive according to Ore but belongs to the numerical exponent 5. To avoid confusion we shall refer to ordinary primitive roots as primitive roots of the first kind, while those satisfying Ore's definition will be called roots of the second kind. Ore proved that primitive roots of the second kind exist; indeed there are precisely $(x" -l)ÇzGF(pn), where f> now denotes the Euler function for GF [p, x] . The equivalent result in terms of the existence of a normal basis (see §2) had been proved by Hensel.
It is natural to ask whether one can find a number ß£iGF(pn) which is simultaneously a primitive root of both the first and second kinds. More generally if e\p" -i and a(x)\xpn -x, can one find a number ß belonging to the numerical exponent e and the linear polynomial a(x)? We shall show that the first question is answered in the affirmative for pn sufficiently large; the second question also admits of an affirmative answer provided pn is large and e deg a(x) is sufficiently large. The method of proof is suggested by the proof of Vinogradoff's theorem that the least primitive root of a prime p is 0(pll2+') ; see [5, p. 178] , also [3] .
In the opposite direction we show (Theorem 4) that for given p, r there exist infinitely many irreducible polynomials P such that no polynomial of degree ¿r can be a primitive root of the second kind (mod P). Finally (Theorem 6) we obtain a bound for TheX's are evidently characters of the additive group of GF{pn). Note that for X;¿Xo,
also that for aE.GF(pn), the sum
(a * 0).
Next let ft, • • • , ßr&GF(pnm) and be linearly independent relative to GF(pn). The numbers
define a module Mr of rank r. We now state without proof some lemmas which can be obtained by standard arguments.
where M¿,-r *s a certain module of rank m -r.
In the next place we have
where the summation is over all pnm X's. Suppose now that as in §2, xm-1 =A(x)B(x) and a(x) corresponds to A(x). We consider the set of functions X such that (3.8) X(a(7)) = X"(T).
Lemma 2. The number of X's satisfying (3.8) is pnk, where k =deg A(x).
Lemma 3. If\ runs through the pnh solutions of (3.8), then the sum
In the next place if %(a) denotes a multiplicative character for GF(pnm), we put 
Since by (3.4) the inner sum vanishes unless a = l, we have [November
In addition it is evident that 5. Some other results. It will now be convenient to use the concrete representation GF[pn, x]/P(x) for the GF(pnm), where P(x) is an irreducible polynomial GGF[pn, x] of degree m. Thus the results of §4 can be expressed in terms of polynomials (mod P(x)). Davenport [3] showed that for large p, one can always find primitive roots of the first degree. It does not seem possible to carry over the proof for the type of problem considered in this paper, even if we allow the required polynomial to be of degree ^m/2, say. The difficulty appears for example in the problem of primitive roots of the second kind of a given degree. It would suffice to have a nontrivial estimate for (5. Thus Sr = 0 or pnr. We have also, using (3.9), £s,= E Zha) = p™. It follows that no polynomial R of degree ^r can be a primitive root of the second kind (mod P).
To prove the theorem, we note first that the condition a(R) = 0 is equivalent to the existence of a polynomial U such that
It is possible to make use of some known results [2, §11] concerning the congruence (5.3) ; however it is perhaps simpler to give a direct proof of the following theorem. [4] we can assert the existence of irreducibles P* of sufficiently high degree such that P*(x) =G(x) (mod xT), where G(x) is an arbitrary polynomial subject only to x\G(x). In particular then the conditions (5.4) can be satisfied. Theorem 4 now follows immediately.
Returning to the problem mentioned at the beginning of this section, the following result may be of some interest.
Theorem
6. Let Nr(e, a(x)) denote the number of polynomials A of degree <r which simultaneously belong to e and a(x) (mod P); let Nr(a(x)) denote the number that belong to a(x). Then (5.7)
Nr(e, a{x)) = Nr(a(x)) + 0(i»«»/»^>). Therefore by (3.6) and (3.11) (5.10) | rr(X, x) | Ú Pnmn (X 7* Xo, x ?* Xo).
